This paper presents results of thin film contact resistance with dissimilar materials. The model assumes arbitrary resistivity ratios and aspect ratios between contact members, for both Cartesian and cylindrical geometries. It is found that the contact resistance is insensitive to the resistivity ratio for a/h < 1, but is rather sensitive to the resistivity ratio for a/h > 1 where a is the constriction size and h is film thickness. Various limiting cases are studied and validated with known results. Accurate analytical scaling laws are constructed for the contact resistance over a large range of aspect ratios and resistivity ratios. Typically the minimum contact resistance is realized with a/h $ 1, for both Cartesian and cylindrical cases. Electric field patterns are presented, showing the crowding of the field lines in the contact region.
I. INTRODUCTION
Thin film contact is a very important issue in many areas, such as integrated circuits, 1,2 thin film devices, 3, 4 carbon nanotube and carbon nanofiber based cathodes 5, 6 and interconnects, 5, 7 field emitters, 6, 8 and thin film-to-bulk contacts, 9 etc. Even in the simplest form, the film resistor remains the most fundamental component of various types of circuits. 3, 4 Recently, it becomes increasingly important in the miniaturization of electronic devices such as micro-electromechanical system relays and microconnector systems, where thin metal films of a few microns are typically used to form electrical contacts. 9 In high energy density physics, the electrical contacts between the electrode plates and in Z-pinch wire arrays are crucial for high current delivery. 10 For decades, the fundamental model of electrical contact has been Holm's classical a-spot theory, 11 which assumes a circular contact region (of zero thickness) between two bulk conductors. The a-spot theory has recently been extended to include the effects of finite bulk radius, 12 of finite thickness of contact "bridge," 13, 14 and of dissimilar materials and contaminants. 15 These prior works are inapplicable to the thin film geometry that is studied in this paper (Figs. 1-3 ). This is particularly the case when the current is mostly confined to the immediate vicinity of the constriction and flows parallel to the thin film boundary.
The two-dimensional (2D) thin film resistance has been investigated for various patterns in Cartesian geometry. 3 The spreading resistance of three-dimensional (3D) thin film disks is also analyzed. 9, 16 These prior works assume a constant and uniform electrical resistivity in all regions. In particular, Timsit 9 analytically calculated the spreading resistance of a circular thin conducting film of thickness h connected to a bulk solid via an a-spot constriction of radius a, but with the assumption that the current density distribution through the a-spot of this film is the same as the known current density distribution through the a-spot in a semi-infinite bulk solid. 9, 11, 12 Timsit stated that his model is reliable only for 0 < a/h 0.5. 9 As we shall see, in this paper, we are able to confirm Timsit's results for 0 < a/h 0.5, and at the same time to extend his results for a/h up to ten [cf., the lowest solid curve in Fig. 10 ].
Most recently, we developed a simple and accurate analytical model for Figs. 1-3 , under the same assumption of constant and uniform resistivity in all regions. 17 We determined the condition which minimizes the thin film contact resistance for both Cartesian and cylindrical geometries. Our scaling laws were validated against MAXWELL 3D 18 simulation and against conformal mapping results for the Cartesian geometry ( Figs. 1 and 2) .
In this paper, we greatly extend the analytic theory of Ref. 17 by allowing the contact members to have an arbitrary ratio in electrical resistivity. Figure 1 shows both Cartesian and cylindrical geometries of the thin film. The current flows inside the base thin film with width (thickness) h and electrical resistivity q 2 , converging toward the center of the joint region, and feeds into the top channel with half-width (radius) a and electrical resistivity q 1 , in Cartesian (cylindrical) geometry. This configuration is representative to various applications. The Cartesian case may represent a thin film sheet resistor [ Fig. 2(a) ], 3 where the third dimension, which is perpendicular to the plane of the paper, is small. It may also represent a heatsink geometry [ Fig. 2(b) ], where this third dimension is large. The cylindrical case (Fig. 3 ) may represent a carbon nanotube [5] [6] [7] [8] or a field emitter 6 setting on a substrate; or it may represent a z-pinch wire connected to a plate electrode. 10 It is assumed that the axial extent of the top channel (i.e., L 1 in Fig. 1 ) is so long that the current flow in this region is uniform far from the contact region. Our analytic formulation (given in detail in the Appendices) assume a finite length L 2 in the base region (Fig. 1) . Thus, we study the dependence of the contact or constriction resistance on the geometries and resistivities shown in Fig. 1 , for arbitrary values of a, b, h, q 1 , and q 2 (Figs. 4, 5, 9, and 10). The potential profiles are formulated exactly, from which the interface contact resistances are derived. Simple, accurate scaling laws for the thin film contact resistance are synthesized (Figs. 6 and 11) . The patterns of current flow are also displayed. The conditions to minimize the contact resistance are identified in various limits. Validation of our theory against known results is indicated.
Only the major results will be presented in the main text. Their derivations are given in the appendices. In Sec. II, the results for the Cartesian thin film contact resistance (constriction resistance) with dissimilar materials are presented [ Fig. 2] . In Sec. III, the results for the cylindrical thin film contact resistance (constriction resistance) with dissimilar materials are presented [ Fig. 3 ]. Concluding remarks are given in Sec. IV.
II. CARTESIAN THIN FILM CONTACT WITH DISSIMILAR MATERIALS
Let us first consider the 2D Cartesian "T"-shape thin film pattern ( Figs. 1 and 2 ). The pattern is symmetrical about the vertical center axis. Current flows from the two terminals E, F to the top terminal GH (Fig. 1) . We solve the Laplace's equation for Regions I and II, and match the boundary conditions at the interface BC, z ¼ 0. The details of the calculations are given in the Appendix A. The total resistance, R, from EF to GH is found to be
where W denotes the channel width in the third, ignorable dimension that is perpendicular to the paper, and the rest of the symbols have been defined in Fig. 1 . In Eq.
(1), the first term represents the bulk resistance of the thin film base, from A to F, and from D to E, where L 2 ¼ b -a. The third term represents the bulk resistance of the top region from B to G. The second term represents the remaining constriction (or contact) resistance, R c , for the region ABCD. If we express the constriction (contact) resistance as R c ¼ ðq 2 =4pWÞ R c for the Cartesian case, we find that R c depends on the aspect ratios a/h and a/b, and on the resistivity ratio q 1 /q 2 , as explicitly shown in Eq. ( Many other similar calculations (not shown) lead to the same conclusion. This is due to the fact that if L 2 ) a, the electrostatic fringe field at the corner B ( Fig. 1 ) is restricted to a distance of at most a few a's, making the flow field at the terminal F insensitive to b. Likewise, if L 2 ) h, the electrostatic fringe field at the corner B is restricted to a distance of at most a few h's, making the flow field at the terminal F also insensitive to b.
In 
For a given a/h, R c increases as q 1 /q 2 increases. It is clear that there exists a minimum of value of R c in the region of a/h near unity, for a given q 1 /q 2 . This a/h value for minimum R c decreases slightly as q 1 /q 2 increases. For the special case of q 1 /q 2 ¼ 1, the minimum R c ¼ 2p À 4 ln 2 ¼ 3:5106 occurs exactly at a/h ¼ 1, 3, 17 and if a/h deviates from 1, R c increases logarithmically as R c ffi À4 ln a=h ð ÞÀ1:5452 for a=h ( 1, and R c ffi 4 ln a=h ð Þ À 1:5452 for a=h ) 1. 3, 17 In the regime a/h < 1, the range of variation R c ðq 1 =q 2 Þ for a given a/h is insignificant (Fig. 5) ; however, in the regime of a/h > 1, R c ðq 1 =q 2 Þ for a given a/h may change by an order of magnitude or more.
In the limit of q 1 /q 2 ! 1; R c is simplified as (cf., Eq. (A10) in Appendix A)
which is also plotted in Fig. 5 . Note that the exact theory for q 1 /q 2 ¼ 100 overlaps with Eq. (2). In the limit of q 1 /q 2 ! 1; the minimum R c ffi 3.9 occurs at a/h ¼ 0.85, as shown in Fig. 5 . In the opposite limit, q 1 /q 2 ! 0, the region BCHG (Fig. 1) acts as a perfectly conducting material with respect to the base region BCEF. Thus, the whole constriction interface BC is an equipotential surface, as if L 1 ¼ 0 and the external electrode is applied directly to the interface BC for the Cartesian geometry. This special case is analyzed by Hall (cf., Fig. 2 and Eq. (12) of Hall's 1967 paper 3 ), and from which R c in the limit of q 1 /q 2 ! 0 is given as
which is also plotted in Fig. 5 . Note that the exact theory for q 1 /q 2 ¼ 0.01 overlaps with Eq. (3). This agreement may be considered as one validation of the analytic theory presented in Appendix A. In the limit of q 1 /q 2 ! 0; R c converges to a constant minimum value of 4ln2 ¼ 2.77 for a/h > 2, as shown in Fig. 5 . As another validation, consider the special case q 1 / q 2 ¼ 1 and L 2 ¼ 0 (Fig. 1) . This case has an exact solution using conformal mapping. 3 The exact values of R c for a/h ¼ 0.1 and a/h ¼ 8 obtained from conformal mapping are, respectively, 2.77259 and 7.27116. In comparison, our numerical values are, respectively, 2.7722 and 7.2692, as shown in the data for L 2 ¼ 0 in Fig. 4 .
The vast amount of data collected from the exact calculations allows us to synthesize a simple scaling law for the normalized contact resistance R c in Eq. (1) and 
This scaling law of Cartesian thin film contact resistance, Eq. (4), is shown in Fig. 6 , which compares extremely well with the exact theory, for the range of 0 < q 1 =q 2 < 1 and 0.03 a/h 30. (We have not found the scaling law for a/h > 30 for general values of q 1 /q 2 , as data for a/h > 30 are not easy to generate from the exact theory, Eq. (A8).) The field line equation, y ¼ y(z), may be numerically integrated from the first order ordinary differential equation dy=dz ¼ E y =E z ¼ ð@U À =@yÞ=ð@U À =@zÞ where U À is given by Eq. (A1). Figure 7 shows the field lines in the right half of Region II (Fig. 1) for the special case of q 1 /q 2 ¼ 1, with various aspect ratios a/h. It is clear that the field lines are most uniformly distributed over the conduction region when a/ h ¼ 1, which is consistent with the minimum normalized contact resistance R c at a/h ¼ 1 for q 1 /q 2 ¼ 1 (Fig. 5) . The field lines are horizontally crowded around the corner of the constriction when a/h ( 1 [ Fig. 7(b) ], since in this limit most of the potential variations in the thin film (Region II in Fig. 1 ) are restricted to a distance of a few a's. The field lines become vertically crowded around the corner of the constriction when a/h ) 1 [ Fig. 7 (d) ], since in this limit most of the potential variations in the upper region (Region I in Fig. 1 ) are restricted to a distance of a few h's. Both limits lead to higher contact resistance in general (Figs. 5 and 6 ). In Fig. 8 , the field lines are shown for the special case of a/h ¼ 1, with various resistivity ratios q 1 /q 2 . As q 1 /q 2 increases, Region II becomes more conductive relative to Region I, the interface between Region I and II (i.e., BC in Fig. 1 ) becomes more and more like an equipotential, therefore, the field lines (and the current density) at the interface become more uniformly distributed, as shown in Fig. 8(c 
III. CYLINDRICAL THIN FILM CONTACT WITH DISSIMILAR MATERIALS
We now consider the cylindrical configuration of Fig. 1 using a similar approach. A long cylindrical rod of radius a with resistivity q 1 , is standing on the center of a large thinfilm circular disk of thickness h, and radius b ¼ a þ L 2 with resistivity q 2 . Current flows inside the thin-film disk from circular rim E and F to terminal GH (Figs. 1 and 3) . We solve the Laplace's equation for Regions I and II, and match the boundary conditions at the interface BC, z ¼ 0. The details of the calculations are given in the Appendix B. The total resistance, R, from EF to GH is found to be
In Eq. (7), the first term represents the bulk resistance of the thin film in Region II, exterior to the constriction region ABCD. It is simply the resistance of a disk of inner radius a, outer radius b, and thickness h. 9 The third term represents the bulk resistance of the top cylinder, BCHG. The second term represents the remaining constriction resistance, R c , for the region ABCD. If we express the constriction (contact) resistance as R c ¼ ðq 2 =4aÞR c for the cylindrical case, we find that R c depends on the aspect ratios a/h and a/b, and on the resistivity ratio q 1 /q 2 , as explicitly shown in Eq. (7). The exact expression for R c is derived in Appendix B [cf., Eq. (B8)]. In Eq. (B8), the coefficient B n is solved numerically in terms of q 1 /q 2 , a/h, and a/b [cf., Eq. (B6)]. These numerical values of B n then give R c from Eq. (B8).
The exact theory of R c [Eq. (B8)] is plotted in Fig. 9 (a) as a function of L 2 /a, for various q 1 /q 2 and a/h, where L 2 ¼ b -a (Fig. 1) . To explicitly examine the dependence on the geometrical parameters, R c in Fig. 9(a) is replotted as a function of L 2 /h in Fig. 9(b) . It is found that R c becomes constant if either L 2 /a ) 1 or L 2 /h ) 1, in which case R c is determined only by the value of a/h and q 1 /q 2 , independent of b. Many other similar calculations (not shown) lead to the same conclusion. This is due to the fact that if L 2 ) a, the electrostatic fringe field at the corner B (Fig. 1 ) is restricted to a distance of at most a few a's, making the flow field at the terminal F insensitive to b. Likewise, if L 2 ) h, the electrostatic fringe field at the corner B is restricted to a distance of at most a few h's, making the flow field at the terminal F also insensitive to b.
In Fig. 10 , the exact theory of R c [cf., Eq. (B8)] is plotted as a function of a/h, for various q 1 /q 2 and a/b. Again, R c is independent of b, provided either L 2 ) a or L 2 ) h. For a given a/h, R c increases as q 1 /q 2 increases, similar to the Cartesian case. It is clear that there is a minimum of value of R c in the region of a/h near 1.5, for a given q 1 /q 2 . The a/h value for minimum R c decreases slightly as q 1 /q 2 increases. For the special case of q 1 /q 2 ¼ 1, the minimum R c ffi 0:42 occurs at a=h ffi 1:6.
17 R c is fitted to the following formula for q 1 / q 2 ¼ 1: y ¼ lnða=hÞ; 1:6 < a=h < 100:
In the regime a/h < 1, the variation R c ðq 1 =q 2 Þ for a given a/h is insignificant; however, in the regime of a/h > 1, R c ðq 1 =q 2 Þ for a given a/h changes by a factor in the single digits, up to an order of magnitude as shown in Fig. 10 . The cylindrical case differs from the Cartesian case in one aspect, namely, as a=h ! 0, our numerical calculations show that R c converges to constant values, ranging from about 1 to 1.08, essentially for 0 < q 1 =q 2 < 1. The explanation follows. If a=h ! 0, both the radius and thickness of the film region are much larger than the radius a of the top cylinder, as if two semi-infinite long cylinders are joining together with radius ratio of b=a ! 1. In this case, the a-spot theory 11 gives a value of R c in the range of 1 to 1.08, for
In the limit of q 1 /q 2 ! 1; R c is simplified as (cf., Eq. (B10) in Appendix B)
which is also plotted in Fig. 10 . Note that the exact theory for q 1 /q 2 ¼ 100 overlaps with Eq. (9). In the limit of q 1 /q 2 ! 1; the minimum R c ffi 0.48 occurs at a/h ¼ 1.3, as shown in Fig. 10 . In the opposite limit, q 1 /q 2 ! 0, the region BCHG (Fig.  1) acts as a perfectly conducting material with respect to the base region BCEF. Thus, the whole constriction interface BC is an equipotential surface, as if L 1 ¼ 0 and the external electrode is applied directly to the interface BC for the cylindrical geometry. This special case is analyzed by Timsit (cf., Fig. 7 and Eq. (18) of Ref. 9), whose R c in the limit of q 1 /q 2 ! 0 is
cothðk n h=bÞ sinðk n a=bÞ k
Timsit acknowledges that Eq. (10) is accurate only for the range of 0 < a=h 0:5, 9 beyond which the assumption of equipotential contact that he introduces to derive Eq. (10) does not hold and the result is not accurate anymore. This insight of Timsit and the accuracy of his solution for a/ h < 0.5 are evident in Fig. 10 , where Eq. (10) is plotted. Note that the exact theory for q 1 /q 2 ¼ 0.01 overlaps with Eq. (10) up to a/h ¼ 0.5. For a/h > 0.5, the exact calculation of R c [cf., Eq. (B8)] is also difficult in the limit of q 1 /q 2 ! 0, since the determinant of the matrix for solving the coefficient B n in Eq. (B6) is close to zero. [This is the main reason why the scaling law given in Eq. (11) below is valid only for a=h 10]. Nevertheless, our calculations of R c for q 1 / q 2 ¼ 0.01 shown in Fig. 10 are accurate up to a=h 10, from the convergence of results as sufficiently large number of terms in the infinite series of Eqs. (B6) and (B8) are employed in our numerical calculations. Thus, our agreement with Timsit's calculations for a/h < 0.5 may be considered as a validation of our series expansion method, and we have extended Timsit's calculations 9 to a/h ¼ 10 in Fig. 10 . We also spot checked our results against the MAXWELL 3D code for the case q 1 /q 2 ¼ 1.
17
The vast amount of data collected from the exact calculations allows us to synthesize a simple scaling law for the normalized contact resistance R c in Eq. (7) and Fig. 10 as This scaling law of cylindrical thin film contact resistance, Eq. (11), is shown in Fig. 11 , which compares very well with the exact theory, for the range of 0 < q 1 /q 2 < 1 and 0.001 a/h < 10. (We have not found the scaling law for a/h > 10 for general values of q 1 /q 2 , as explained in the preceding paragraph.)
Similar to the Cartesian case, the field lines in the thin film region are calculated from Eq. (B1), by numerically solving the field line equation dz=dr ¼ ð@U À =@zÞ=ð@U À =@rÞ. Figure 12 shows the field lines in the right half of Region II (Fig. 1) for the special case of q 1 /q 2 ¼ 1, with various aspect ratios a/h. It is clear that the field lines are most uniformly distributed over the conduction region when a/h ¼ 1, which is consistent with the smallest normalized contact resistance R c near a/h ¼ 1 for q 1 /q 2 ¼ 1 (Figs. 10 and 11) . The field lines are horizontally crowded around the corner of the constriction when a/h ( 1 [ Fig. 12(b) ], and become vertically crowded around the corner when a/h ) 1 [ Fig. 12(d) ], leading to higher contact resistance in both limits, in the same manner as already explained for the Cartesian case. In Fig.  13 , the field lines are shown for the special case of a/h ¼ 1, with various resistivity ratios q 1 /q 2 . As q 1 /q 2 increases, Region II becomes more conductive relative to Region I, the interface between Regions I and II (i.e., BC in Fig. 1 ) becomes more and more like equipotential, therefore, the field lines (and the current density) at the interface become more uniformly distributed, as shown in Fig. 13(c) .
IV. CONCLUDING REMARKS
This paper presents accurate analytic models which allow ready evaluation of the contact resistance or constriction resistance of thin film contacts with dissimilar materials over a large range of parameter space. We show the large distortions of the field lines as a result of film thickness. The models assume arbitrary aspect ratios, and arbitrary resistivity ratios in the different regions for both Cartesian and cylindrical geometries. From the large parameter space surveyed, it is found that, at a given resistivity ratio, the thin film contact resistance primarily depends only on the ratio of constriction size (a) to the film thickness (h), as long as either L 2 ) a or L 2 ) h. In the latter cases, the electrostatic fringe field is restricted to the constriction corner only, and becomes insensitive to the location of terminals for the thin film region.
The effects of dissimilar materials are summarized as follows. If the constriction size (a) is small compared to the film thickness (h), the thin film contact resistance is insensitive to the resistivity ratio. However, if a/h > 1, the contact resistance varies significantly with the resistivity ratio. Typically the minimum contact resistance is realized with a/h $ 1, for both Cartesian and cylindrical cases. Various limiting cases are studied and validated with known results. Accurate analytical scaling laws are presented.
Finally, one may adapt the results in this paper to the steady state heat flow in thermally insulated thin film structures with dissimilar thermal properties. This may be done with Fig. 1 by replacing the electrical conductivity (1/q j ) with the thermal conductivity (j j ), j ¼ 1, 2, in the different regions, assuming that the j j 's are independent of temperature. 
where U þ and U -are the electrical potential in the region BCHG and BCEF, respectively, E þ1 is the uniform electric fields at the end GH, V 0 is the electrical potential at the ends E and F (y ¼ 6b), and A n and B n are the coefficients that need to be solved. Since the current flows parallel to the thin film boundary EF, we have @U À @z ¼ 0; z ¼ Àh; y j j 2 ð0; bÞ;
which leads to
At the interface z ¼ 0, from the continuity of electrical potential and current density, we have the following boundary conditions:
U þ ¼ U À ; z ¼ 0; y j j 2 ð0; aÞ; 
and g nl and g ml is in the form of the last part in Eq. (A5b 
